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A spherical design, part of combinatorial design theory in mathematics, is a finite set of N points on the
n-dimensional unit n-sphere Sn such that the average value of any polynomial f of degree t or less on
the set equals the average value of f on the whole sphere. A general and explicit construction was first
given by Rabau and Bajnok in 1992. They constructed the designs by using [−1, 1]-interval t-design and
spherical t-design of a lower dimension. In this thesis, we give two generalizations of this theorem. The
first one comes from a generalization of [−1, 1]-interval design called ball t-design. The second one comes
from seeing a composition of two spherical t-designs on Sn−1 and S0 with an interval design that acts as
glue. Our theorem is based on an analogue of [0, 1]-interval design called simplex t-design. We will also
give a more thorough explicit construction of simplex design.
Chapter 1 Ball Designs
Let Bd denotes a d-dimensional ball. A finite subset V of Bd is called a ball t-design with weight







v∈V f(v)/|V | holds for all polynomials f(x) =
f(x1, x2, . . . , xd) of degree at most t.
We defined this new design based on the following fact: for positive integers n, d, with n > d, we can
express an integral over Sn as a double integral over Sn−d and Bd. By using separation of variables as in
the proof of Rabau-Bajnok’s theorem, this implies the following theorem. Let n, d be positive integers,
n > d, Y ⊆ Sn−d be a spherical t-design, and let V ⊆ Bd be a ball t-design in Rd with respect to the
weight function wn−d−1(x) = (1−‖x‖2)n−d−12 . Then X = {(
√
1− ‖v‖2y, v) | y ∈ Y, v ∈ V } is a spherical
t-design on Sn.
We will use this theorem by first constructing some ball t-design in Rd. We will see ball t-design as
union of several spherical t-designs. Using this fact and also by using the help of definition of integral
over ball by gamma function, we explicitly construct spherical 5-designs on Sn having size 6 · 12n−12 and
12
n
2 for odd and even n, respectively.
Chapter 2 Simplex Designs





v∈V f(v)/|V | holds for all polynomials f(x) =




By using some kind of separation of variables as in the proof of Theorem 1, we establish the following
theorem. Let n, p be positive integers, (n1, . . . , np) a composition of n, and Yi a spherical (2t+1)-design on
Sni−1 for 1 ≤ i ≤ p. Also, let X be a simplex t-design on ∆p−1 with weight function w(x) =∏pi=1 xni2 −1i .
Then, the set Z = {(√x1y1,√x2y2, . . . ,√xpyp) | yi ∈ Yi, (x1, . . . , xp) ∈ X} is a spherical (2t+ 1)-design
in Sn−1.
For n = 3, a constant weight function is enough to construct spherical designs for arbitrary strength.
This result seems to suggest that constructions of spherical t-designs on S3 is easier than the previously
proposed constructions of spherical designs on S2 using Kuperberg’s result on [-1,1]-interval design, since
it only requires an interval design of strength [ t2 ] as opposed to t. Using Kuperberg’s result and by




Chapter 3 Explicit Constructions of Simplex Designs
We explicitly construct simplex designs using a union of sets consisting of elements whose coordinates are
a cyclic permutation of a particular point. By choosing such a set, the conditions of a set to be a simplex
t-design can be reduced to a solution of a system of t equations. Solving these system of equations, we






のような t-デザインの具体的な構成法として知られているのは、Rabau と Bajnok によるもので
ある。それは、累次積分の考え方を応用して、球面を区間と大円（高次元においては、円ではな
く１次元低い球面）の積と考え、それぞれにおいて t-デザインを構成することである。区間にお
ける t-デザインの研究は非常に古いが、この方法に使える例は、Kuperberg によって 2005 年に









 第２章では、Rabau と Bajnok による累次積分の考え方を第１章とは異なる方向に一般化して
いる。球面上の積分を２つの累次積分に分けるのではなく、一般には３つ以上の累次積分に分け
ることができる。球面の次元を n-1 とすると、n の分割に応じて累次積分を分けて、分割のパー
トに対応する次元の球面上のデザインを用意する。単体上のデザインを用いると、これら低い次
元の球面デザインを貼り合わせることができるというのがこの章の主定理であり、著者はこれを
応用して、実際に３次元球面において、任意の正整数 t に対して t-デザインが具体的に構成で







次元単体においては、この代数方程式の解が望ましい場所、すなわち 0 と 1 の間にあることが、
t=6 まで計算機実験により確かめられている。 
 以上要するに本論文は、球面デザインの構成問題を、低い次元の球面、球、単体上のデザイン
の存在問題に帰着することで具体的な構成問題を解いたことであり、情報基礎科学ならびに代数
的組合せ論の発展に寄与するところが少なくない。 
よって、本論文は博士（情報科学）の学位論文として合格と認める。 
